Abstract: We are concerned with the optimal investment and consumption in a continuous-time setting for a constant absolute risk aversion (CARA) investor who faces proportional transaction costs and finite horizon. This is a singular stochastic control problem and the associated value show that in order to maintain optimal consumption, the CARA investor needs to invest more in risky asset. In addition, with the CARA utility, the optimal consumption may be negative.
Introduction
Markowitz (1952) employed the (single-period) mean-variance analysis to understand and quantify the trade-off between risk and return in a portfolio of stocks. This work marked the start of modern finance. Merton (1969 Merton ( , 1971 ) initialized the study of portfolio choice in a continuoustime Brownian-motion-driven setting and replaced the quadratic utility, implicitly used in the mean-variance analysis, by more general increasing and concave utility functions. Magil and Constantinides (1976) introduced transaction costs to Merton's model and provided a fundamental insight that there is a no-trading region in the presence of transaction costs.
Since then, portfolio choice with transaction costs has been extensively studied. Constantinides (1986) considered an infinite horizon problem where the investor maximizes discounted utility of intermediate consumption. Davis and Norman (1990) addressed the same problem and presented a rigorous mathematical formulation of free boundary problem, where the free boundaries correspond to the optimal investment strategy. Shreve and Soner (1994) further conducted a comprehensive theoretical analysis on the optimal strategy by using the notion of viscosity solutions. Akian, Menaldi and Sulem (1996) and Kabanov and Kluppelberg (2004) considered an extension to multiple risky assets. Taksar, Klass and Assaf (1988) and Dumas and Luciano (1991) studied the maximization of the expected utility of terminal utility as time to maturity goes to infinity. Jang et al. (2007) considered the lifetime consumption and portfolio rule in a regime switching market. Portfolio choice with fixed and proportional transaction costs or more general transaction cost structure was studied in Constantinides (1979) , Morton and Pliska (1995) , Bielecki and Pliska (2000) , Sulem market environment (e.g. Dai, Wang and Yang (2011) with a regime switching market, Dai, Jin and Liu (2011) with position limits). All these papers assume that the investor is of constant relative risk aversion (CRRA).
In this paper, we aim to study the optimal investment and consumption for a constant absolute risk aversion (CARA) investor who faces proportional transaction costs and finite horizon.
The problem with infinite horizon has been considered by Liu (2004) The rest of the paper is organized as follows. In Section 2 we present the problem formulation.
In Section 3, we study the optimal investment and consumption strategy. Since the investment strategy is similar to that studied in for the CRRA utility, our focus will be on the consumption strategy. In Section 4 we compare the investment strategy in the consumption case to that in the no-consumption case. Numerical results are presented as well for illustration.
We conclude in the last section.
Problem formulation
Suppose there are two assets that an investor can trade 3 . The first asset ("the bond") is a money market account growing at a constant risk-free rate r < 1. 4 The second asset ("the stock") is a risky asset. Let (Ω, F , p) be a probability space with a given filtration {F t } 0≤t≤T . The stock price, denoted by S t , follows the geometric Brownian motion:
where α > r and σ are respectively constant return rate and volatility of stock, and B t is a one-dimension standard F t −Brownian motion. Let x t denote the amount invested in the bond and y t denote the current value of the stock 2 Even if the assets are correlated, the strategy based on the single risky asset case can be used as a benchmark. 3 As mentioned earlier, the problem can be trivially extended to the multiple risky assets case provided that the assets are uncorrelated. 4 We will need r < 1 to ensure (3.8) in Proposition 3.1. Since r is usually small, this assumption is almost without loss of generality.
holding. In the presence of transaction costs, x t and y t evolve according to Due to α > r, we can show that short selling in stock is never optimal. So, we always assume y t ≥ 0. At time t, the investor's wealth after liquidation is
2) with x s = x and y s = y satisfies y t ≥ 0. We denote by 
3) subject to (2.1)-(2.2). Here δ > 0 is the discount rate, E
x,y t denotes the conditional expectation at time t given that initial endowment x t = x, y t = y, and the utility function is
with risk aversion γ > 0 being a constant.
We would like to emphasize that consumption C t is allowed to be negative and negative consumption means infusion of funds which also generates utility. This assumption, appearing implicitly in Merton (1969) and Liu (2004) , permits an explicit optimal strategy in the absence of transaction costs (i.e., λ = µ = 0), which is presented as follows.
Theorem 2.1 In the absence of transaction costs (i.e., λ = µ = 0), the optimal consumption C * t and the optimal dollar value y * t invested in stock can be written in explicit form as follows:
and
,
The proof is similar to Merton (1969) which addresses the infinite horizon case.
For later use, we call ξ κ (t)y * t = α−r γσ 2 the Merton line. From the above theorem, we can see
≥ 0 and w t > 0, then C * t > 0, which means (positive) consumption. If δ − r + (α−r) 2 2σ 2 < 0, then C * t < 0 for sufficiently small w t > 0, which means infusion of funds may be optimal even with positive wealth. Moreover, given the optimal strategy, we cannot ensure non-negative wealth process and/or non-negative consumption process in any case. 
where
In the consumption case (κ = 1), the optimal consumption is
As a remark, it can be shown problem (3.1) has a unique viscosity solution (cf. Davis, Panas and Zariphopoulou (1993)).
The explicit form of optimal strategy inspires us to make the following transformation so as to reduce the problem dimension:
where ξ κ (t) is as given in (2.4). It follows
We point out that if κ = 0, then the problem (3.4) is exactly the same as that studied in Yi and Yang (2008) though they claimed their problem was from the option pricing problem with transaction costs studied in Davis, Panas and Zariphopoulou (1993).
Denote
It is easy to verify
Using the approach developed in Dai and Yi (2009), we can obtain the following proposition which plays a critical role in our theoretical analysis.
Proposition 3.1 Let φ(t, z) be the solution to problem (3.4). Denote
is governed by the following double obstacle problem:
in Ω, where the differential operator L 2 is as given in (3.5) . Moreover,
, for any 0 < ε < N, p > 1, and
for all (t, z) ∈ Ω.
Proof: We will only prove (3.8) for κ = 1 because the proof of other parts is similar to that in 
Owing to the assumption r < 1, we have
Applying the maximum principle (cf. Friedman (1982) ) yields the desired result. The proof is complete.
Compared with problem (3.4), problem (3.6) is easier to study. In what follows, we will make use of problem (3.6) to study the optimal investment strategy.
Optimal investment strategy
To study the optimal investment strategy, we only need to characterize the selling, buying, and no trading regions, which are defined as follows:
The following theorem entirely characterizes the optimal investment strategy. . In terms of (3.8), we obtain the monotonicity of z s (t) and z b (t). We can further use the maximum principle to obtain the strict monotonicity in {z > 0}. The smoothness of z s (t), z b (t) can be proved by the approach in Soner and Shreve (1991) (see also Dai, Xu and Zhou (2010) and Yi and Yang (2008) ). To show (3.10), we notice that for any (t, z) ∈ BR, the double obstacle problem gives
Theorem 3.1 There are two monotonically decreasing functions z s (t) : [0, T ) → [0, +∞] and
}. This yields (3.10), which also implies that z b (t) is finite for all t. The proof of (3.11) is similar. The proof of (3.12) is analogous to that in . To show (3.13), we notice that at z = 0, (3.6) is redcued to
whose solution is
This implies (3.13). The proof is complete.
Remark 3.1 We can prove that z s (t) is finite for all t.
Indeed, the case κ = 0 has been proved in Yi and Yang (2008) by studying the stationary solution to the double obstacle problem (3.6) .
Later we will show in Theorem 4.1 that z s (t) in the consumption case (κ = 1) is bounded by that
in the no-consumption case (κ = 0). This implies the conclusion.
Remark 3.2 In finance, z s (t) and z b (t) represent the optimal selling and buying boundaries, respectively. From (3.10) and (3.11), we infer that the Merton line is always in the no-trading region which is wider than
. (3.13) where the CRRA utility is considered.
means that buying stock is suboptimal as the investment horizon is short enough. This is because the investor would have less investment chances to offset transaction costs incurred. All these results are similar to those in

Optimal consumption strategy
Now let us focus on the consumption case κ = 1 and examine the optimal consumption strategy.
We have seen from Theorem 2.1 that consumption is likely negative in the absence of transaction costs. We will investigate when consumption is positive in the presence of transaction costs.
Due to (3.2) and (3.3), it is easy to see
This motivates us to study φ(t, z) − 1 γ log ξ 1 (t). Let us first introduce a lemma.
Proof: For convenience, we denote B(t) = φ(t, 0). By (3.13), we have for
Then we can infer 
which combines with f (T ) = 0 to yield part i).
Now let us prove part ii). Owing to (3.12), we have
It follows
From Proposition 3.1 and the Sobolev embedding theorem, we infer V and ∂ z V are continuous, so are ∂ z φ and ∂ zz φ. We can further obtain the continuity of ∂ t φ by the smoothness of z b (t) and z s (t) (cf. 
which leads to
Here we have used (3.11). Thanks to (3.15), we have (3.17) for any t. Using similar arguments as in the proof of part i), we infer
for all t and δ > r. Due to f (T ) = 0, this gives the desired result.
Theorem 3.2 Let C * (t, x, y) be the optimal consumption as given in (3.2) . Then
Proof: Note that
By part i) of Lemma 3.1, we infer C * (t, x, 0) < 0 for sufficiently small x > 0 and t > T − 1 α−r log 1+λ 1−µ . This implies the only-if-part. Next we prove the if-part. It is easy to see
So,
where the last inequality is due to x + (1 − µ) y > 0 and part ii) of Lemma 3.1. The proof is complete. 
Comparison between the consumption case and the no-consumption case
This section is devoted to the comparison of investment strategies between the consumption case and the no-consumption case. It is worth pointing out that the transformed variable z in the consumption case differs from that in the no-consumption case. For the purpose of comparison, we define the optimal buy and sell boundaries in the y-t plane according to the transformation (3.3):
where ξ κ (t) is as given in (2.4). 
Proof: First, let us prove the right hand side inequalities of (4.1)-(4.2), which are equivalent to
where z 0 · (t) and z 1 · (t) are the optimal boundaries in the z-t plane for the no-consumption case and the consumption case. Let V κ be the solution to the double obstacle problem (3.6) with κ = 0, 1. Noticing
we apply the maximum principle to get V 0 (t, z) ≥ V 1 (t, z) for all t and z. It remains to show the left hand side inequalities of (4.1)-(4.2). Let us make a transformation
It follows
where ξ κ (t) is given in (2.4). Then the double obstacle problem (3.6) is transformed to
in Ω, where
To complete the proof, we only need to show V 0 (t, y) ≤ V 1 (t, y) for all t and y.
(4.6)
Note that
where the last inequality is due to (3.9). So
Applying the maximum principle yields the desired result (4.6). The proof is complete. Figure 2 , we plot the buy and sell boundaries in y − t plane. We can see that the buy (sell) boundary in the consumption case is higher than the buy (sell) boundary in the no-consumption case, which verifies the left hand side inequalities of (4.1)-(4.2). This indicates that a CARA investor needs to invest more in stock in order to maintain optimal consumption. 
Conclusion
In this paper, we study the optimal investment and consumption strategy in a continuous-time setting for a constant absolute risk aversion (CARA) investor who faces proportional transaction costs and finite horizon. This is a singular stochastic control problem and the associated value function is governed by a variational inequality equation with gradient constraints. The key point is to make a transformation that enables us to use the novel approach developed by to obtain an equivalent double obstacle problem. It turns out that the optimal investment strategy is characterized by the free boundaries, arising from the double obstacle problem, which exhibit similar behaviors as in where a constant relative risk aversion (CRRA) utility is considered. Moreover, we show that the CARA investor needs to invest more in risky asset to maintain optimal consumption, which is in contrast to the result in that the CRRA investor needs to invest more in risk-free asset to maintain optimal consumption. In addition, with the CARA utility, the optimal consumption is likely negative. To ensure a positive consumption for any positive liquidated wealth in the presence of transaction costs, the sufficient and necessary condition is that the discount rate is not less than the risk-free rate. This condition also differs from that in the absence of transaction costs.
